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Abstract

Using a 4th order �nite di�erence program we have studied in some detail
the propagation of seismic ruptures along a fault surface subject to a hetero-
geneous stress distribution and inhomogeneous frictional parameters. When
prestress is uniform, rupture propagation is simple but presents some di�er-
ences with the circular shear crack models of Kostrov. The most important
are that rupture can only start from a �nite initial patch (or asperity) and
that rupture is not symmetric, so that the rupture front has an elliptical
shape elongated in the inplane direction. If the initial stress is su�ciently
high, the rupture front in the in-plane direction may jump ahead of the shear
wave emitted from the initial stress release. In spite of these di�erences
with Kostrov's model, all the relevant parameters scale with the fault length.
When stress is heterogeneous rupture propagation changes completely and
is controlled by local length scales determined by the initial stress distri-
bution as well as by the distribution of rupture resistance. Thus short rise
times (Heaton pulses), rupture arrest, stopping phases, etc re
ect the length
scales of the stress and strength distribution. Although we are only starting
to explore the physics of rupture in a heterogeneous stress environment, we
have identi�ed a non-dimensional parameter � that controls rupture. This
parameter measures the ratio of local available strain energy to Fracture en-
ergy derived from the friction law. A bifurcation occurs when this parameter
has values greater than a certain critical value that depends mildly on the
geometry of the stress distribution on the fault. We expect all parameters
inverted from seismic observations to scale with the shortest length scale
inverted from near �eld observations.

Introduction

An essential requirement to study dynamic faulting is an accurate and robust method
for the numerical modeling of seismic sources. In our recent work we have used a
fourth-order formulation of the velocity-stress method (Madariaga, 1976; Olsen et al,
1995b) which was extended by Olsen et al (1997) and Madariaga and Olsen (1998)
in order to study dynamic rupture propagation on a planar shear fault embedded in
a heterogeneous elastic half space.

Rupture propagation on a major earthquake fault is controlled by the properties
of the friction law between the sides of the fault. Friction controls the initiation,
development of rupture and the healing of faults. Laboratory experiments at low slip
rates were analyzed by Dieterich (1978), who proposed models of rate- and state-
dependent friction, and by Ohnaka and Kuwahara (1990) who concluded that their
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Figure 1: Geometry of a simple rupture propagating along a 
at fault embedded in a
3D elastic medium. Rupture propagation is controlled by elastodynamic interactions
and is damped by seismic radiation. The boundary conditions on the fault are
dominated by friction. We use a simple slip weakening friction of peak stress Tu, slip
weakening D0 and energy release rate G

experiments could be explained with a simpler slip-weakening friction law. These
two models to friction contain a �nite length scale that controls the behavior of the
rupture front. At high speeds the two friction laws are very similar.

Because of the equivalence of friction laws at high slip rates, we used a simple
slip weakening friction law in which slip is zero until the total stress reaches a peak
value (yield stress) that we denote with Tu. Once this stress has been reached, slip
D increases and T (D) decreases:

T (D) = Tu

�
1�

D

D0

�
for D < D0

T (D) = 0 for D > D0; (1)

whereD0 is a characteristic slip distance. This friction law has been used in numerical
simulations of rupture by Andrews (1976), Day (1982b) and many others.

Figure 1 shows the geometry of the fault model we study. The most important
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feature of the friction law is slip weakening that occurs near the rupture zone on
a so-called break-down or slip-weakening zone just behind the rupture front. The
propagation of the rupture front is completely controlled by the friction law and the
distribution of initial stress on the fault. The numerical method we developed to
solve this problem was to compute spontaneous rupture propagation for the Landers
earthquake by Olsen et al. (1997).

Do=2 Do=4

Do=6 Do=8

Figure 2: Rupture growth on a 
at uniform fault embedded in a homogeneous elastic
medium. Rupture starts from a �nite initial asperity and then grows at subsonic speed in
all space direction. After a while rupture along the inplane direction jumps at a speed that
is higher than that of shear waves. The snapshot here shows the slip rate as a function of
position on the fault at times greater than the jump to super shear speed along the in-plane
direction (horizontal axis).

Spontaneous Rupture of a Localized Asperity

Madariaga et al (1998) studied the spontaneous rupture starting from a circular
asperity of radius R that is ready to break ( with stress Tu), and is surrounded by a
fault surface at a constant but lower stress level (Te < Tu). As many other authors
have in he past we observed that for rupture to expand, stress must be high over a
�nite zone, sometimes called the minimum rupture patch. Once rupture has broken
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the asperity it will grow or stop depending on the values of the stress �eld inside (Tu)
and outside (Te), the shear modulus �, the asperity radius R and the slip weakening
constant D0 of the friction law in (1).

Rupture resistance, or energy release rate for our slip weakening friction model
(1) is G = 1

2
TuD0. In our model we assumed that G is uniform along the fault plane.

This model is not unlike the classical circular model of Kostrov (1964). The main
di�erences are that, as explained above, we initiate the rupture from a �nite asperity
and rupture velocity not constant but determined from the friction law.

After a very complete exploration of the parameter space for this model we found
that there are two regimes in this problem that are controlled by a non-dimensional
number

� =
T 2

e

�Tu

R

D0

(2)

where R is the radius of the minimum asperity size. A similar non-dimensional
coe�cient was �rst proposed by Andrews (1976) in a somewhat di�erent context.

We can understand this number if we consider that � is the ratio of available
strain energy �W to energy release rate G de�ned above. Strain energy change in a
zone of radius R is:

�W =
1

2
< D > Te = AT 2

e =�R (3)

where < D > is the average slip on a fault of radius R and stress drop Te. Thus
lambda ' �W=G.

An essential requirement for rupture to grow beyond the asperity is that � > �c
where the critical value of � for the circular asperity can be derived from the study
by Madariaga et al (1998) who computed numerical the critical radius Rc for �xed
Tu; Text and D0. We �nd that

�c '
4

3�
= 0:424 (4)

�c de�nes a bifurcation of the problem as a function of parameter �. For � <
�c rupture does not grow beyond the initial asperity. For � > �c rupture grows
inde�nitely at increasing speed. This is a simple example of a pitch-fork bifurcation.
But there is a complication: if the parameter � > 1:3�c the rupture front in the
in-plane direction jumps ahead to speeds higher that the shear wave speed. The
rupture front acquires a very nice elliptical shape with two \ears" elongated along
the in-plane direction (see Figure 2).

Spontaneous Rupture on a Realistic Fault: The Landers 1992 earthquake

Olsen et al (1997) published a study of the Landers earthquake of July 1992 based
on the kinematic model inverted by Wald and Heaton (1996). Careful study of
rupture propagation in that model showed that rupture only propagates in regions
of high stress that are su�ciently wide. The kinematic model was derived by Wald
and Heaton (1996) from a combination of seismic and geodetic data that contains
wavelengths down to about 3 or 4 km. This establishes the resolution length for
the modeling of this earthquake. After some trial and error we �xed Tu at 12 MPa,
which is close to the maximum value of the initial stress �eld shown in the �rst panel
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Figure 3: Snapshots of the shear stress �eld on the fault of the Landers 1992 earthquake.
This is computed starting with the initial stress �eld shown in Figure 2.
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in Figure 3. The only free parameter that remains to be determined is the initial
rupture zone and the value of the slip weakening distance D0.

The initial stress �eld shown in �gure 3 shows that rupture can start from many
points on the fault. We know that the Landers earthquake started from the small
patch near the southern (right in the �gure) end of the fault. So we took a circular
zone satisfying condition (2) and then let it grow spontaneously. We �nd unexpect-
edly that it was extremely di�cult to let rupture grow beyond the initial asperity.
After several trials we found that we needed values of D0 of about than 0.5 m for
rupture to grow. With the value of Tu = 12MPa this yields a rupture energy
G = 3MJm�2.

Then we looked at rupture conditions. The stress �eld is not very favorable
to rupture initiation because the stress �eld surrounding the initial patch is rather
weak. So, as shown in Figs 3 and 4 initial rupture takes a long time before reaching
the vertical high stress zone to the North (left) of the initial patch. Once rupture
enters into this zone it propagates downwards at high speeds because the loaded
zone is relatively wide. Once it hits the bottom it stops because there is no lateral
communication along the bottom of the fault.

In conclusion the initial stress �eld controls rupture propagation very closely.
Rupture extends following a relatively clear pattern of in�ltration. It goes into
places where stress is high over large patches and avoids completely the zones where
stresses are low. The conditions for growth of rupture can be understood in terms
of a non-dimensional number like � in (2).

Very Long Rectangular Asperity on a Flat Uniform Fault

In order to study the condition for rupture propagation in a heterogeneous initial
stress �eld we turn to a very simple rectangular asperity model. We study a simple
initial stress �eld that contains a long asperity of widthW loaded with a longitudinal
shear stress Te = 0:9 � Tu. The asperity is surrounded by an in�nite fault plane
where stress is very low at only 0:1�Tu. At time t = 0 rupture is initiated by forcing
rupture over a circular patch of radius R > Rc where Rc is computed from (2) using
�c = 0:42. Depending on the values of Te and the width W , rupture either grows
along the asperity or stops very rapidly. We are again in the presence of bifurcation
with a critical value. We de�ne a new non-dimensional number

� =
T 2

e

�Tu

W

D0

(5)

and verify numerically that ruptures stop for low values � < �c and grow inde�nitely
for � > �c. Again for a certain value of � > 1:2�c ruptures grow initially at very
high speeds and then jump to a speed higher than the shear wave velocity.

Figure 5 shows rupture propagation along the long rectangular asperity for three
values of �. On the top right we show a shear stress snapshot and on the right a
slip rate snapshot at the same time for � < �c. Rupture in this case starts near the
asperity and then stops immediately. D0 is to large compared to W . The second
row shows stress and slip rate when � is slightly super critical. A rupture propagates
along the asperity at sub-shear speeds. As ruptures extends the rupture zone extends
a little outside the the asperity leaving an elongated �nal fault shape. Finally, at
the bottom of Figure 5 we show a stress an a slip rate snapshot when � is about 1.2
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Figure 4: Snapshots of the slip rate �eld on the fault of the Landers 1992 earthquake. This
is computed starting with the initial stress �eld shown in Figure 2.
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times critical. Now the rupture front is running faster than the shear wave producing
a wake that spreads somewhat into the lower prestress zone. Thus we are again in
the presence of a bifurcation: it is not enough to start a rupture, the stress �eld has
to be high enough to maintain rupture going.

We believe that this is the �rst time that conditions for rupture gow and arrest
are studied in a 3D rupture model. Our results are entirely compatible with those
of Huseini et al (1978) who studied conditions for rupture in a simple 2D fault.

Conclusions

We have studied carefully rupture growth in a simple 
at fault embedded in a ho-
mogeneous elastic medium of rigidity �. It emerges from our studies that rupture

is controlled by a non-dimensional number � =
T 2

e

�Tu

L
D0

where L is a characteristic

size of the stress �eld, for instance the patch (asperity) radius, Te is a characteristic
value stress load on this patch and Tu �D0 is a measure of energy release rate on
the fault.

In our analysis so far we have assumed uniform rupture resistance (constant
Tu and D0. All the complexity comes from the heterogeneity of initial stress. As
important as stress heterogeneity is probably the small scale geometry of faulting.
Its integration in fault models is di�cult because most of the observations of fault
rupture are still limited to the range of frequencies of less than 1 Hz or about 3 Km
wavelength. This is too coarse a resolution to observe e�ects of complex geometry
other than major fault segmentation as in Landers of Kobe. High frequency seismic
radiation is probably the only source of information about small scale geometry.

The implications of this simple number are wide ranging and require extensive
tests and analysis of modeling. We are doing this for the case of the Landers earth-
quake.
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Figure 5: Snapshots of the shear stress and slip rate �elds on a fault containing a very
long and narrow asperity (yellow in the stress snapshots). The top panels show ruptures at
sub-critical, slightly super critical and super critical values of the parameter �.
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